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We obtain the stress function from the boundary stress via a device
which we call the modified lower order potential. The boundary value
problem considered here is a fundamental problem in the theory of
elasticity in two dimensions. The results obtained here give point-wise
solutions to a Neumann-type boundary value problem for the biharmonic
equation and extend previous results to include domains with C' boun-
daries and with boundary data in L9 x LY(0%2).

The modified lower order potential was introduced by Cohen and
Gosselin in [4] to solve the problem studied here. In [4] the solution was
obtained with boundary data in the space of cosets of linear functionals
acting on the space of Dirichlet data. The convergence at the boundary was
devised to fit the boundary data and was somewhat awkward. In this paper
we show that the solution can be obtained with boundary data in a sub-
space of LIx L4(02) and with the boundary values obtained nontangen:
tially point-wise almost everywhere.

The problem studied here is equivalent to obtalmng the interior stress on
a thin elastic plate from the stress on the boundary. The interior stresses
are given by the stress potential, a vector valued potential obtained as a
pair of differential operators acting on the modified lower order potential.
The form of the stress potential makes the analysis at the boundary
obtainable via the singular integral estimates of Calderon [2].

In Section 2.3 we prove an extension of Theorem 2 of Calderon’s paper
on the Cauchy integral on Lipschitz curves [2] to a wider class of singular
integrals. This result, which is essentially an observation about Calderéon’s
‘prodf, is necessary to obtain the convergence of certain potentials at the
boundary.




The problem in elastostatics of obtaining the interior stress from the
stress on the boundary can be treated as a boundary value problem for a
second order elliptic system satisfied by the components of displacement.
Recently, Dahlberg, Kenig, and Verchota [8], using the system of layer
potentials in [9], obtained a solution for this system with L?> boundary
data on Lipschitz domains. Their result extends to L’ data for 1 < p<2
but fails on Lipschitz domains for the range 2 < p < co.

In this paper we obtain a solution to a biharmonic problem on C!
domains with data in L” for 1 < p < oco. The extra smoothness in the C'
case allows the problem to be treated using compactness arguments and
Fredholm theory. It is interesting to note that the layer potentials utilized
by Dahlberg et al. do not give the full C' results via Fredholm theory since
some of the boundary operators fail to be compact.

1. THE MAIN THEOREM

In [4], Cohen and Gosselin introduced the modified multiple layer
potential u,,, a new representation of Agmon’s multiple layer potential (see
Sect. 6 of [1]) for the biharmonic equation. The modified multiple layer
potential is obtained from Agmon’s by applying a biharmonic analog of the
Cauchy Riemann equations to the kernels of the multiple layer potential. It
is easily shown to satisfy a version of the Dirichlet problem where a bihar-
monic function is sought with gradient in L” x L?(3%2) (see Sect. 3 of [4]).

It is shown that the interior nontangential limit of Vu,, is of the form
(I+ 2) § where g is the density of the potential. The adjoint (/+ £)* is
shown to be the exterior “weak” limit of a vector of second order differen-
tial operators acting on a biharmonic function which we call the modified
lower order potential.

In what follows we will assume that Q is a bounded simply connected C*
domain in R2 The letter X will usually denote a point in 2 or in £°. The
letters P and Q will usually denote points on the boundary 9€2.

1.1. The Modified Potentials
We begin with some preliminaries.

Definition (1.1.1). Let €,={g=(g h)e L?(3Q)x L#(3Q): [s0 gdx+
hdy = 0}. |

DEerINITION (1.1.2). The modified multiple layer potential u,, = u,,(g; X)
is defined by

Unm(8; X)=2Im g(Q) LPF(X— Q) +h(Q) LEF(X—Q)ds(Q)  (1.13)

e



where for X = (x, y), F(X) = (—1/4n){x* +y ) arg(x+ ty)—xy} =(—1/4n)
Im{zz]ogz— zz+;zz} For Qed, -

L9= x,(Q)( )ﬁ‘y(Q)_(f_i;;)Q~ .

= x(0) (a ay) +(0 (&)

the superscript Q denotes the point at which the differential operator is
acting and x,(Q)i+ y,(Q)j is the unit tangent in the counterclockwise
direction. The integration begins at a point P, and proceeds counter-
clockwise around 6€2. The designation of a point P, enables us to define a
branch of the argument which appears in the formula for 7

We then get an integral representation:

Vi (X)=[ _2(0)IX, ©) d5(©), (114)
where
_,[LeoXFx—0) LPaFX—0)
w02 oira o) LpaFx—g) 049

For P# Q and Pe df2 we can replace X in (1.1.5) with P and the matrix
is still defined. We tentatively define £g(P)=p.v. (20 £(Q) I(P, Q) ds(Q).
We also tentatively define the formal adjoint,

L*$(Q)=p. [ 1P, Q) (P ds(P) (1.L6)

where ¢ = (¢, y) € L9(6€2) x L9(082) and the supercript T indicates that we
are looking at the transpose of the row vector (¢, y). If we formally

1nterchange dlfferentlatlon and 1ntegrat10n we have

L*(Q)= (L] L?)T2_[ oOLF(P— Q)¢(P)+5”F(P Q)lP(P)dS(P)
(1.1.7)

This calculation suggests that the adjoint operator is obtained by applying
the differential operator (L,, L,) to the integral potential on the right hand
side of (1.1.7). To make this precise we must extend the right-hand side of
(1.1.7) from points Q € 012 to points X € Q.

Anst




DerFNITION (1.1.8). For ¢ = (¢4, ¥)e L(082)x L(02) we define the
modified lower order potential with density ¢ by

C( X)=2L‘2 arE(P — X) g(Py+ 37 F(P— X) y(P) ds(P), (1.19)

where the function F and the path of integration are as in the definition of
the modified multiple layer potential (see definition (1.1.2)).

In what follows x(s) i+ y(s) j will denote the arclength parametrization
of 022 and x,(Q)i+ y,(Q)j is the unit tangent to df2 at Q where x, = dx/ds
and y,=dy/ds.

DermNmion (1.1.10)). For QedQ, XeQ, my=1,(0)i—x,(0)j the
unit outer normal to 42 at Q and Ve C*2) we define

Loy V(X) = (Lipgyi + L ) V(X),

(ng)
where

(..Q)V(X) Vel X) x(Q) + V1, (X) y.(Q),
DermniTioN (1.1.11). For v,,(¢; X) the modified lower order potential

with density ¢, Q€ dQ and L, ng) the differential operator defined by
(1.1.10), the stress potential is the “vector Z3(X) given by

LX) =Ly 0m(; X)

=[ rE X)) 6(P)Tds(P),  (1112)
an

where

Ll

(ng)a”F(P X) L(ng) y

PE(P-X) L2

PE(P-X)

PP X)] (1.1.13)

[*(P, X;np) = [

(nQ) (mg) “y

and the superscripts in the matrix indicate the pomt at which the differen-
tial operators are applied.

It is important to note that if we let X Q we have I*(P,Q;n,) =
I(P, Q), the matrix in formula (1.1.5).

1.2. The Main Result

In the paper, “Adjoint boundary value problems for the biharmonic
equation on C' domains in the plane,” Cohen and Gosselin [4] obtained a

distributional solution of the problem 4°V'=0 in 2, L, ,V’=¢ on 92. In



that paper, § is in a subset of the dual of €, (see (1.1.1) for the definition of
%,) a coset of pairs of L?(982) functions satisfying certain moment con-
ditions, and the convergence of L, ,V is aslinear functionals acting on
elements in €,.

This paper shows that the convergence of L,V actually occurs non-
tangentially point-wise almost everywhere. Furthermore, the restriction of
the boundary data to cosets is unnecessary and we can solve the boundary
value problem for pairs of L?(0R2) functions satisfying the appropriate
moment conditions.

For Qe€dQ, let N, be the unit inner normal at Q. Let I'=I%(Q)=
{Xe; {X—Q,Ny>>alX—-0|, |X—Q| <d,0<a<1}. Wecan now state
the main theorem.

(mp)

RN,

THEOREM (1.2.1). If Qis a simply connected, bounded C' domain in R?,
b e LY(0Q) x LY0Q) and satisfies the moment conditions:

¢ds=.|.;|/1ds=0, (122)
o an

L x¢+yp ds=0, (1.2.4)

then there exists a function V, poSsiny multiple valued satisfying
A4*V(X)=0 for XeQ (124)
)}imQ Lop/(X)=9(Q)i+¥(Q)j aefor XelN@Q)nQ

Furthermore, there exists a pair ¢,=(¢,, ¥ 1)'subh that the solution is given
by the modified lower order potential v,,($,; X).

1.3. The Connection with Elasticity

The differential operator L defined in (1.1.10) arose in this paper from
considering the adjoint of the trace of Vu,, on the boundary. It is important
to note that it also arises very naturalily from the theory of elasticity in two
dimensions.

At a point P in a thin plate we let X,i+ Y, j=%(n,) denote the force
per unit length exerted along a small line segment d/, which passes through
the point P and which is perpendicular to the unit vector n,. For i,, j, the
usual unit vectors in the x and y directions at P we define &(i,)=
(X., Y,), LUp)=(X,, Y,).

It follows from equations going back to Cauchy, (see [10]), that for
D, =n,i+ n,j, the force &(n;) is related to the forces & (i) and &(jr) by
_the equation [{]=[}; $1[].




Under the assumption of no “body” forces present the components of the
above matrix satisfy the equilibrium equations

%4_%:0’
ox Oy
(1.3.1)
%4.%—0
ox dy
and furthermore
A(X,+Y,)=0. ' (13.2)

Assuming that the matrix [ y'] is symmetric (X, =Y,), (1.3.1) implies
there exists a function ¥V such that V., =Y, V,,=~—X,=-Y, and
V,,=X,. Applying (1.3.2) we get 42V =0.

For @=fi—aj we let L, ) V(X) = (aV (X)) + BV (X)) i+ (aV,(X)+
BV,,(X)) j. Assuming that V is the potential for the equilibrium equations
(1.3.1) and (1.3.2) we have for @ = y,(Q) i — x,(Q) j, that at point X

F(oy)= [ _V,y,yx ) —VI:,][ _y ;]
_ [ 0 1][ Vex(X) x,(Q) + V., (X) y,(Q)]
—1 0 [ V(X)) x(Q) + V,,(X) y.(Q)

=ELo V(X), (133)

where E=[ 9, }].
From Theorem (1.2.1) we can solve 42V =0, LuyV = (4, ¥)e(LIx L),
Hence for ¢ = —Y,, ¥ = X, satisfying the moment conditions

J, Q) dsQ)=] X,0)ds(@)=0 (134)
and
[, ¥ X.(0)~x(Q) Y,(Q) ds(@) =0

we can find a biharmonic function ¥ such that L ,V(X)—
(—Y,(Q), X,(Q)) as X - Qe0L2. By (1.3.3) we have ¥ (wy)— (X,, Y,) as
X — 09Q. Thus we have found the interior stress from the boundary stress,
for bounded simply connected domains with C' boundaries where the
boundary stress (X,, Y,) are pairs of L? functions satisfying the moment
conditions in (1.3.4).




2. THE STRESS KERNELS - l

In Section 1 we introduced the stress potential Z"‘(X ) j'm 1"‘(P X; nQ)
¢(P) ds(P) where /*(P, X;n,) is the 2x2 matrix in (1.1.12). We let
I3(P, X; n,) denote the components of the matrix /* and note that when
X=QedQ, (Q#P), I*(P,Q;ny)=/P, Q) where I(P,Q) is given in
(1.1.5). ,

In this section we will analyze the integral operators whose kernels are |
the components /. We will compute explicit formulae for the /}’s in rec-
tangular coordinates and show how they are transformed under a rotation
of coordinates. While the kernels are not invariant under rotations they can
be analyzed using estimates of Calderon [2] for the Cauchy integral along
Lipschitz curves.

2.1. The Components of the Stress Matrix

For X=(x, y) and F(X)=(—1/4n){(x*+ y?) arg(x +iy)—xy} (where
the argument is suitably chosen), we have by direct computation:
3

n ()7

To compute the components of the stress matrix we let X'= (x, y),
P = (u, v) be the Cartesian coordinates for X and P and write n, = Bi —aj.
Then

Y
Fon(X)= » n (x +y2)2A’/ - ) -
2 xy2
x’y S
nyy( ) - m, \}
Foi) =2 |
|

(P, King)= 2P P—X) x,Q) + 2Fo(P— XV 0(Q)

2 alw—y) 2_ Bu—x)v—y)y
T (x—u)+ -y w(w—x)+0@-y))

IlZ(P) X; nQ) =2Fxxy(P_X) xJ(Q)+ 2nyy(P_X) yJ(Q)

2 au-x)o-y)? 2 Bu-xP-y) (212
n(—xY + =) 7 ((u—x)+@—y7)

Ly (P, X;np)=1,(P, X;np)
La(P, X;ng) =2F,, (P= X)x(Q) + 2F,, (P~ X) y,(Q)

_2_au—xPo—y) 2 fu—x)
T (u—x)’+@-y?*)? n((u—xP+@w—y)>*)*

Y




_that

We next set, o i

(2.1.3)

2 x?
7 (14 x%)%
3

Jo(x)=

-2 X

N

Then a straightforward calculation shows
[* rxyax=| ® L(x)dx=1 (2.14)

and

@ o R
j J,(x)dx= lim j J5(x) dx =0.
— R—-:oo _‘R

2.2. The Half-Space Solutions
~ We next consider the upper_-ha]f-space problem:
» ZZV(x, y)k=0, y>0,
yl_ig’l+ V.(x, y)=¢(x)e LY(R), (2.2.1)

lim Vy(x, ¥) =¥ (x) e L/(R).

This is the problem in Theorem (1.2.1) where 2 is the upper hali-plane,
x(Q)=1, y,(Q)=0 and the convergence of L,V is along lines perpen-
dicular to the x axis.

If we compute the stress potential, we get for X = (x, y) and P=(u, 0)

L5, (X) = [Uo)F 6(x)+ () W01 i+ [0} $0)+ U)F w0d
(222)

where (Jk)y'(x)# (l/j‘)'(Jk)(x/y), k=0, 1, 2, and “*” denotes convolution.
From (2.1.4) and the properties of approximate identities we have that for
(#¥)e LAR)x LUR), 1S g< o,

ylir{)l+ ZLr, (X)) =d(x)i+y(x)j ae.’ (22.3)

- and in LI(R) x LY(R).




We next consider a half plane obtained from the standard one by coun-
terclockwise rotation through an angle 8. For convenience we set @ = cos 6,
B=sin 0 and consider new coordinates (x’, y') where x=ax'—fy’, y=
px'+ay’. In the new coordinate system we consider the stress potential
where the boundary éQ = {(x’, y'): y'=0}. Then, a straightforward com-
putation shows that in the new coordinate system, n, = fi — oj for Q € 02,
so that for X'=(x', '), P= (v, V'),

202w = x'V(v' ~ y) + 20p(u’ = x")(v' — y')? + 2P0 = ')

L(P X, nQ)=

T (0 =x"V+ (' —y))
(aﬂ(u’—x’)z(v’—y’) )
1P, o) = =2 + (02~ B —x')v' —y' ) —aB(v' ')
™ (W@ =xP+@0—y)) ’
121=112’
202 —x)2( ~y) = 20P(u — X' ) —y' P + B — ')
b Xin) =g (=P + ) |

(2.2.4)

If we assume PedQ, then P=(i',0). Writing the stress potential in
(x, ") coo_rdinates, letting X =(x', y') and ¢ =¢(x') i+ ¥(x')j we get
L4 (X)=[(Ko),* ¢(x) + (K,),F Y(x)Ti+ [(K,),* ¢(x) + (K2),* V(x)]1i,

' (2.2.5)
where
Ky=aJy+ 20BJ, + B*J,,
K, = —afJy+(0*—p*) J, +afl,, 2.2.6)
K,=B%Jy—2apJ, + %],

Using (2.1.4) we see that

j:o Ko(x)dx=ji° Ky(x)dx=1 and f K(x)dx=0 (227)

Thus we can concluderfrrom the properties of approximate identities that
for (¢, ) e LI(R2) x LY(0R2),

y}ixrg+ Ly (x, Y)=¢(x)i+¥(¥)] (228)

R lves




It is interesting to note that the kernel (J;),(x) never appears. (J;), is the
only 3rd derivative of F which is not the dilation of an integrable function.
It is somewhat analogous to the conjugate Poisson kernel.

2.3. The Stress Kernels: Boundary Estimates

In this section we make the basic estimates for the stress potential on
and near the boundary. To facilitate the estimates it is useful to describe
the component kernels in what we call geometric coordinates. For Q € 62
we consider a coordinate system xT, + y'N, where Ty = x(Q})i+ y(Q)j
and Nyo= —y(Q)i+x,(Q)j Ty is the unit tangent and N, is the unit
inner normal (N, as used here, distinguishes it from the unit outer normal
denoted by n). In this coordinate system if X'=(x', ¥’} and P= (', v')
then o' —x'={P—-X,Ty), v'—y'=(P—-X,Ny)>, and ((«'—x")’+
(v'—y')?)*=|P— X|*. We then write the stress matrix, (the kernel of the
stress potential) as -

2 —
x(P—XNbXP—XTbY[jw ;ﬂ
(P Yp) e’ 2af p*—a’
(P, X ug) = 5= +(P—X,NQ>2(P—X,TQ>[B2_a2 _M]
+(P=X,Ng)? [:ﬁ ";ff] (23.1)

where o = x,(Q) and p =y, (Q). To study the stress potentials we need only
study the potentials

2(P—-X, Ty "(P—X,Ny)'

(==
Tf,l( ) P IP__XI4

f(Pyas(P),  (23.2)

where fe L?(02), 1 <P <o, and i=1, 2, 3. To study T,,(X) we introduce
some boundary operators.

DEeFINITION (2.3.3). Let fe L?(082), 1 < p < oo we define for Q € 052,

2 P—Q, Ty’ XP—Q,Ny)'
r@=-3[  S@ler o= 0Red ipyap),
T,/(0)=lim T,./(0), (234)

MTJ(Q)=SUIg IT../(Q))-

[ A




THEOREM (2.3.5). For fe L*(0R2), Qea.Q, I'(Q) the interior cone at Q,
we have e e e e
1) TLf (Q) exists ae., MT; and T, are bounded from
L?(02) - L?(0R) and T, is compact ffqm l_,”(a.Q) — L?(092).
-Q)+T.f(Q), Xel(Q), i=13
x TS(Q), XeI(Q), i=0.

Proof The proof is an application of Calderdn’s theorem on the
Cauchy integral along Lipschitz curves. To show part (ii) we make use of
the following extension of Theorem 2 of Calderdn’s paper [2] to a wider
class of operators.

(ii) hm T,,(X) {

THEOREM (2.3.6). Let F(z, t) be analytic in z for |z| < R and bounded and
measurable in t. Let ¢ be a real valued Lipschitz function on R. For ¢ >0 and
felL?(R), 1 < p <, let

Lf0)=|

|s—ti>e

F(¢(S)—¢(t),t) [ 4 (2.3"7)

s—1 s—1t

Then there exists an absolute constant a4 such that (|¢'([ ,, < Rag(1 + o)~
implies that the operator L*f(t)=sup,. o |L.f(1)| is of weak type (1, 1) and

strong type (p, p) for 1 < p < co.
Furthermore, if we set

GH4, f)—{t lim (¢(s)—¢(t)’ )sf( )tds exnsts}
|s t|>:

e—0 s—1 -

A R= {F(z, t): Fis analyttc for |z] < R and bounded and measurable in t} and
G(d, f)=Nreax CA®P, f), we have that m(R\G(g, f))=0, where m is
Lebesque measure on R and ||¢'|| , < Roto(1 +a2) ™12,
Proof. Following the proof of Theorem 2 of (2],
s)—o(t s
LJ(1)=J. (¢() é( ), )f()ds
ls—t>e¢ s—1 S—1

1

2nidy; = 3

AT e e s e i

——j F(z, t) A, J(t)— _ (23.8)

where p is sufficiently close to R and N

S(s)
4, J(t)fJ.JJ_ 12— D= Kg0)— 4

The rest of the: proof follows exactly as in Calderons paper if we

observe that F(z,.t) is bounded and measurable in 7 is all we need to

- _complete the argument... It follows that G(¢, F) > {r:lim, o 4. /(1) exists}




and the second part of the theorem follows because
- ‘m(IR\{t llmt_,oA S(1) exists } =0.

Proof of Theorem (2.3.5). The proof of Theor;m (2. 3 5) is sﬁnﬂar .to thewg s
proof of estimates for the double layer potential in [6] and the multiple -~

layer potential in [3]. The proof is divided into four basic steps: boundary
operators, point-wise. limits for stress potentials with smooth densities,
maximal estimates for the components of the stress potential and extension
of point-wise limits to stress potentials with L? data.

First we obtain L” estimates for the maximal operator MT,f by using a

partition of unity, introducing local coordinates and showing that locally
T,.f is bounded independent of ¢ by the Hardy-Littlewood maximal
function of f plus a sum of Calderén operators. The compactness of the
operators T; follows from the presence of the term P,(¢;x, y)=¢(x)—
() —'( y)(x y) in the numerators of their kernels when the kernels are
expressed in local coordinates.
- Second, we obtain the almost everywhere convergence at the boundary
(part (ii) of Theorem 2.3.5) in the case that fis continuously differentiable.
Here the jump relations are not obtained from a relevant Green’s formula
but from the fact that the potentials behave, in part, like approximate iden-
tities as the point X approaches the boundary nontangentially.

Third, L? bounds for the nontangential maximal function are obtained
in terms of Calderon operators and the Hardy-Littlewood maximal
function of £ Finally standard arguments (see Fabes, Jodeit, and Riviere,
p- 173 [6] for details), extend the estimates for part (ii) of Theorem (2.3.5)
to all fe L?(092), 1< p<co.

We begin by covering the set {X:dist(X, 2)<é} by a family of balls
{B;}]\., of radius r;, centered at points P,edQ with the property that
B(P;,4r))nQ=B(P;, 4r;)n {(z, w): w>¢/(z), where ¢;e€ C4(R), ¢/(0)=
¢j(0)=0, and P,=(0,0)}.

Let {n;}/_, be a smooth partition of unity subordinate to the cover

{B;}).- Let

_2(P=Q,TeY"KP-Q.NgY' .~
x :_|P—Q|4 — ,,1_1,’2’.3.

(P, Q)—
‘ - We can then wrlte e

T,./(©) =J _K(P,Q) f(P)ds(P)

=3[, . APIKAP. Q) S(P) ()

kijfz, w)fAz)dz, (2.3.10
,.,, z—W)2+(¢,(z) o,(w))’>e2 ( )742) ( )




where fi(z) = {,(z, ¢j(z)) f(z,¢(2))(1 + ¢;(z)*)"”> and

2 1
e T
(E=W+ B =3 GO (PBmw) )
((z—=w)* + (8,(z) — $(w))*)? '
We next break up the regions of integration and get
[ ki 2, w) fi(z) dz
(x— 2V + (1(2) — (w))} > &
= k;(z,w) f(z)dz— k;(z, w) fi(z)dz
Ix—z|>¢ J( )f)( ) J-g__-il)l:;(@(z)—¢ﬂw))2>52 J( )f}( )
= I(e) + II(¢). (23.12)
A standard argument shows that
sup [II(e)] < cf *(w), (23.13)
>0
where
1 4
frw)=sup o [ 1fw+1, 4w+ 1) d. (23.14)
h>02h ~h -

We note that "fj*”u(n)scnfj”u(m and that Z}vsl 11 ory = 11l Logagy-
Furthermore since there are only a finite number of /s we can ignore the
dependence on j. We also can incorporate the term (1 +¢’(w)?)~*? into
the constant which will bound the operator so we need only consider
kernels

k(z, w) =% (z=w) + ($(2) = $(w)) $' (W)~ {(Pa(gs 2, W)’

((z=w)* + (8(2) — ¢(w))?)?
We will study the operators K, .f(W) = [, _ > ki(z, w) f(2) dz,
MK, f(w)=sup [K,.f(w)| and Kf(w)= ﬁﬁt»K.;J(Wl

e>0

We next introduce the Calderén operators

60— 900)) 1),

Z—W Z—W

Fiuf W)= Iz—W|>8FI<

M Ff(w)=sup |F f(w)],
e>0 , (23.15)




and
Ff(w)= liﬂ}) FS(w),

where F(z)=z!/(1 + z2)2 Evaluating the kernels k,(z, w) we have

_ 2+ (§0) — 4w # 00 Pz, w)
*alz,w) = (G—wY+ (60z) = d(w))?

s P00 (P8

+(1+ 26y (2E280) —

+@000) +' ) F, (2L 2) y

+/ (W) F,y (M)}

£ (2.3.16)
2=+ B0 = 4 NPz )y
kalz, w) = (= W)+ (6(z) ~ gw)) )2
#(2)— p(w)
i P R (2222
+ 0o+ g (BELZ80))
+(1+424'(w)) F, (—__¢(z ) z(w))
+(#'(w) F; (W%é@)} (23.17)
2 (Pygizw)’
) W+ G —g)T
£, ()29
S w){“w) ( )
+34 (WP, (——_W’ j‘”’))
+3¢'(w) F, (———Wz) :fi(”’))
+F, (W)} (2.3.18)




The operators #,,, # %, and % are Calderén operators and therefore
bounded from L?(R) to L?(R) for 1 < p < co. Since the operators K, ,, MK,
and KX, are sums of Calderdn operators, they also are bounded from L?(R)
to LP(R). This suffices to prove that the boundary operators 7';,, MT;, and

T, are bounded from L?(0Q) to L?(082) for 1 < p< 0.

To show compactness let {¢,}> , be a sequence of functions in CP(R)

such that ||¢,, ¢Ilw + ||¢,, 4 ¢ IIw—>O asn—oco. Let
2 P2(¢rn z,w) Py(¢52, w)'~ 1((Z—W) + (¢(Z)—¢(W)) ¢ (W))3 '

kin(z, w)= ((z—w)? + (#(z) — d(w))?)?

Let K,,.f(w)= [g k;n(2, w) f(2) dz. Since ¢,€ CT, k, (2, w) is bounded so
that K;,f(w) exists and is compact from L?(R)— L?(R). Next note

(Kip— KD S0)
=pv. [ (kinlz w)—ki(z w)) f(z) dz

_2py [Pl iz W) Palgiz ) (et () g0 )
v ((z—W)2+(¢(Z)—¢(W)) oy (2319)

T

By Calderén’s Theorem K, is then the norm limit of the compact K,,l ]
and so is itself compact.

We now assume that f is continuously differentiable on 9Q2. For
XeI(Q), the mtenor cone with vertex at 0o, we con31der the potcntlal

T;(X)= | kP, X, Q) S(P)ds(P), (2320)

where k,(P, X, Q) = (2/n)((P—X, Ty >> " '(P—X, N>/ |IP—X]%),i=1,2,
3. (Note that the kernel k,(P, Q) just considered is the same as kP, O, 0).)

Given a 6 >0, we have

Lx=[ K (P, X, 0) f(P) ds(P) +[
1P—Ql> \P—Q

ki(P’ X, Q) f(P) ds(P)

=.[ [k P, X, Q)—k(P, Q)] f(P) ds(P)
1P-QI>8

+[  k{P,Q) f(P)ds(P)—pw. [ k(P, Q) f(P) ds(P)
IP—ul>5 '

k{P, X, Q)(AAP)—-f(Q)) ds(P)

+ J'IP—QI <5
+f(Q).[ k{P, X, Q) ds(P)+p.v. Jk.-(P, Q) f(P) ds(P).
IP-Qlsb

m————————




Since lim;_ o, 7.5 f(Q) exists a.e., we know that for ¢>0 and almost
every Qe dQ2 we can find a 4, >0 so that

<e  (2322)

k{P, Q) f(P) ds(P)—p.v. J‘m k{P, Q) f(P)as(P)

J‘IP—QI>¢5|

Since f is continuously diffentiable, £ (P, X, @)(f(Q)) is bounded. Thus
we can choose 6, >0 so that

kd{P, X, Q)(f(P)—f(Q)) ds(P)| <& (2.3.23)

-"lp—Ql@s

whenever 6 < 4,.
Given a § > 0, fixed, we can find §; > 0 so that

(ki(P, X, Q) —k{P, Q))f(P)dY(P)' <e (23.24)

J‘IP—QI>6

whenever | X — Q| < 4,.
If we set 6 =min{d,, d,} we have shown that for £>0, we can find a

65> 0 such that

TO00-AO) [ k(P X ) stP) . [ (P, 0) 1(P) dP)| <3

(2.3.25)
whenever | X — Q| <8,
The problem now is to evaluate j', p-oi<s kP, X, Q) ds(P). This

problem is avoided in the case of the double layer potential by a Green’s
formula argument. However, for this potential we have the following sub-

stitute:

LEMMA (2.3.26).
-1,

-~
—

M
w

‘5“01‘;‘;';.(%) I1P~Q1 <9

Jor almost every Q € 6Q2.

Proof. We begin by choosing 6>0 and a ball B=B(Q, ) so that
BnQ=Bn{(z,w): w>¢(z), p CLR), $(0)=¢(0)=0 and |¢'|| , small

k]

enough to permit the use of Calderon’s theorem}. Then consider (z, w),

coordinates where the z axis is the line tangent to df2 at the point Q.
For PedQn B and X=0+wNy, (Ng is th_e unit inner normal at Q),

e ————————

-



we have P=(z, ¢(z)), X=(0,w), T,=(1,0) and N,=(0, 1). For these
points,

k(P X, 0) =2 2 @@ —w) (23.27)

(2 + (¢(2) — w)H)¥

We begin by noting that

2 23w 1, i=0,2
w—*O; 1z €8 (22+ W2)2 2= {0, i=1. (2'3.28)

This together with (2.3.23) tells us that if 092 coincides with its tangent line
for |[P-Q|< é then,

lim k{P, Q0+ wNy, Q)dy(P):{_l’ =13 (2329

w—0p—Ql<s 0, i=2
since ¢(z) =0 for small values of z.
We next set X =0+ wN, and assume w <9.
| kAP, X, Q) ds(P)

P-Ql<s

_2 27(g(z) —w)’ _EJ‘ 227 (p(z) —w)’ dz
T n<s (22 + 9(2) — w)?)? Tz < (22 +(9(z2) —w)?)?
2+ ¢(zy > 82

= I(8) + I(9). (2.3.30)

To estimate these integrals we introduce. n(8)=sup, <;|¢'(z)|. Since
¢'(z)—»0 as z—-0 we have n(6)—-0 as 6—0. Then if |z|<é and
22+ ¢(z)*°>6> we have zZX(1+n(8)*)>d> which implies that
8/(1 +n(6)*)"? < |z| <4. This means that the measure of the region of
integration in 7I(8) is less than (1 — (1/./1 4+ n(6)*) = 0(8) as 6 = 0. In this
region

A
o

| 27 82)—w) | _ "(n(3) s +w)
(22 + (8(2) —w)*)?| o

/A
S

(2.3.31)

Hence,

III(5)ISc&(l—(l/./1+n(5)2))‘—1§—>0 as 6—-0. (23.32)

)3




We now must estimate I(8). We consider

23— i( . w)i
(2 + (¢(2) — w)*)?

e vl 227 ¢(z) ~ w
—J'z:o =z fltlsd (22 + (4(z) —w)*)?

Y 2l 22 g(z)  w!
=L -vg (I){fn/ Fr ) —m e

dz

2
I(é)-;'[.lﬂsd

j=0
227 '9(z) w/ }
+ wr<ini<s @ B2 —W)) dzy. (2.3.33)
Recall we are assuming w < é. Then,
|27 | W) wy w
(2% + ((z) ~ w)})’| (w/2)*
_L6n(0y (2.3.34)
w
Hence,
“. z3-—i¢(z)i-—jwj
< w2 (22 + ((2) —w)?)?
BRLLC)
w
.y =16n(6) /-0 as 6-0. (2.3.35)

We next consider the region w/2<|z|<d. Since i=1,2,3 and
0<j<i—1, we have six cases for the numerator. We first examine the case
j>0.1fj=2,i=3and if j=1, i=2, or i=23. Since i> j we have

| 22z 7w | _clz]>~ n(8) 7 w
22+ (@) —w))? |~ (P +w?)?

(2.3.36)

Hence,

22792y w/ '
fw/z< 1m<s (22 + (8(z) — w)*)? &
_fm |23~ w

—w (22 +W?)?

<c dz| n(6)~

-0 as 0—-0sincei—j>0and ;>0 (2.3.37)

1



For the case j=0 we need Calderon’s theorem to get the estimates. We
begin with

J 2~ 'gz) .
wa<izi<s (22 + (8(z) —w)?)?
34 i 1 _ 1
S O e e e P
(z—=0)’~g(z) — $(0))’
+J.w/2<|z|<a ((z—0)* + (4(2) — $(0))?)* & :
= A(8) + B(9). (2.3.38)
Since
l 1 _ 1 I<c 121 w when |z|>z
(Z2+(d2)—w))? (Z2+6(2)?) " (2 +w?)? 2
we have

(z[®w
w2 <1z <s (22 +w?)?

|4(3)| < en(S)’

6

[ X

Clearly A(6)—=0as 6 - 0.
To estimate B(J) we use Theorem (2.3.6). For Q' €0, let (s, ¢o(s)) be
the parametrization for the boundary in local coordinates with origin at Q'

and with the s-axis along the tangent line to d€2 a Q'. Then at almost every
point Q' € 0Q we need to show

lim F, (¢Q’(s)) B0 (2.3.40)
a<|s|<b S

ab—0 S

where F; defined in (2.3.15). If we write (2.3.40) in terms of coordinates
based at Q, then for Q' =(x, §o(x)) in the Q based coordinates,

J. F; (M) é‘=‘l. Fiop, (¢Q(X)—¢Q(y)) dy
a<isl<b a<lx—yl<p

s 5 x—y x—y’
" (2.341)

where Y (2)=(z—¢'(x))/(1 —z¢'(x)) and «, -0 as a, b— 0.

Clearly the function F;oy (z) is analytic in z and bounded and
measurable in x for small ||¢'| . Hence we can apply Theorem (2.3.6) to i
obtain (2.3.40) for almost every Q € dQ2. The term B(4) arises at each Q. By i
what we have shown B(3) = 0 as d — 0 for almost every Qe df2. . ’




We next have the estimate,

3-—iw

2 Z w
'-|-nz| <5 2+ (P(z)—w)D)* -|-xz| <s (22 +w?)? %

J’|z|<w/2(.“)dz J‘w/Zslzlsé

Izl4-—iw3+i «© ,ZI6W
<en(é —_—d —_—
enl ){J‘ulw/z wh o —w (274 W)

-0 as 00 (2.3.42)

i 3~ i ’

< +

Finally we note that for XeI(Q) and ¥=0+ (X—Q,Ng) Ny, a
straightforward computation shows that

lim {lim k(P, X, Q) ds(Q)—J‘ k{P, X, Q) dr(Q)}=0-
640 (X0 IP—Q|<s 1P-Q1<d
(2.3.43)
Since

lim — —_——
s—0mdizcs (22 +W?)?

22 (—w) _{—1, i=1,3
L0 i=2

we can combine estimates (2.3.32), (2.3.35), (2.3.37), (2.3.39), (2.3.40), and
(2.3.42) to conclude the proof of the lemma.

From (2.3.25) and Lemma (2.3.26) we conclude that for f continuously
differentiable

3

lim 7;,(X) = (2.3.44)

-
Xerlr(Q)

{(—1+ T)/(Q), i=
TAQ), i

To generalize (2.3.44) to more general densities we need

1,
2.

Lemva (2345). Let feL%(dQ). Let T2(Q)=Sup{|T (X): Xe
T'%(Q)}. Then T}, is bounded from L%(0R2) into itself for 1< q< c.

Proof. The proof of this lemma is contained in the proof of Theorem
(4.1.1) of Cohen and Gosselin [3]. More precisely, the operator uf defined
by (4.1.7) of [3] is estimated by estimating the kernel, k(x,7,z) =
(x —2)%(t — $(2))2/(((x — 2)* + (1 — ¢(2))?)?) (where 2y =a + f+ 1), given in
(4.1.10). The introduction of local coordinates here shows that we need to
estimate the kernel (z —u)>~*(¢(z) — u)/((z — u)* + (¢(z) —u)?)?) which is
obviously a special case of k(x, 1, z) which appears above.




Finally, preceding as in Theorem 1.3 of [6], one uses the maximal
estimates of Lemma (2.3.45) and the fact that (ii) of Theorem (2.3.5) holds
for f continuously differentiable to obtain part (ii) for general fe L7(52).

3. INVERTIBILITY

In this section we show that —I+.2* is invertible on a subset of
. L9(0R2) x LY 32) satisfying appropriate moment conditions. This will tell us
that the boundary value problem, 42v=0in 2, Lv=¢ on 9Q, is solvable
as a modified lower order potential.

An important part of the demonstration of the invertibility of —I+ #*
is done in [4]. There it is shown that the adjoint operator (~7+ 2)* is
invertible on the coset space €,. In this paper we show that the invertibility
extends to the appropriate space of pairs of L7(6R2) functions.

3.1. Previous Results
We begin by explaining the results of [4], starting with some definitions.

DeFmNITION (3.1.1). 6% = {6 = (4, ¥) € LU(3Q) x LU(3RQ): {Z, ¢ =
Joa 8(Q) (Q) + h(Q) !/I(Q) ds(Q)=0 for all €€}
Remark (3.12). €% =L%0Q)x LY(0Q)/€}

Remark (3.1.3). Since %, consists of pairs of L”(6£2) functions satisfying
fon gxs+ by, ds=0, it follows that €+ = {A(x,i+y,j): AeR}. The elements
of ¢} are cosets of the form §=¢ + lTQ where Ty =x(Q)i+y,(Q)} and
Ae R

For ge4%,, let u,(g; X) be the modified multiple layer potential with
density g (see (1.1.2)). Define A(P)={f (Q)x,(Q)+h(Q) y(Q)ds(Q),
where P, P e 89, P, is fixed and the integration proceeds counterclockwise
around 09Q. Let 4 = (4, g, h) and let u(4; X) be the multiple layer potential
with density 4 (see Sect.2.5 of [4] for further details about the multiple
layer potential). Then for X e I'(Q),

lim Vu,(g; X)= lim Vu(d4, X)=n(—I+ #) A(P), (3.14)
X—-P X P

where 7 is defined by 4 = n(4, g, k)= (g, k). The operator # is defined in
(1.2.3) of [4]. We then define Tand Z by I§ = nd and 2§ =nH#A. Then
(1.24) of [4] implies that Vu,(X) > (-T+ %) Fas X > P nontangentijally
from the interior. The operator (—I+ £)* is the adjoint of (—7+ Z) and
it acts on the coset space €.

We now introduce some more spaces.

DerFINITION (3.1.5). Let W, =Ker(—T+ 2)* and V, =Ker(—T+ 2).



DeFiNTION (3.1.6).  Let VF = {a(x, y)+ B(1,0)+9(0,1): «, B, y, are
real}. The annihilator of V.# is then VS = {§e¥*: (g > =0 for all
geVs}

Remark (3.1.7). Recalling the space #(Q)= {a(x>+y?)+ Bx+yy+46}
defined in Section 1.1 of [4] we see that V.# consists of the gradients of
polynomials in #. The dual pairing {g, ) is defined by < g, > = [0 £(Q)
#(Q) + h(Q) ¥(Q) ds(Q) where ¢= (4, ¥) e $. This is well defined since if
¢, and ¢, are representatives of the same coset then ¢, — ¢, €€

We next want to obtain the adjoint operator (—T+ 2Z)* as the boun-
dary value of L, ,v,,(X). This is done in [4] in the following manner.

Let {B;}7_,, v;, P;, ¢, and 7, be as in the proof of Theorem (2.3.5).

Let 6o =g dist((U/_, B))", 92). For a pair of functions ¢ = (¢, ) defined
in Q let

(6)7(P)= Y. n{P) §(P+N)), (3.18)
=1

where 0 <1<, and N; is the unit inner normal at P;. For ae €} we say
lim, o (¢); =a if lim,o <& ($);>=(g a) for all ge%,. In what
follows we let Lv denote L, 0.

In [4] we show that if ¢, and ¢, are two distinct representatives of the
same coset and v, =v,,(¢,; X) and v, =v,(d,; X) are the corresponding
modified lower order potentials, then (g, (Lv; —Lv,); > =0 for all t>0
and all ge%,. We then have the following theorems:

Tueorem(3.1.9). For de €, ¢ a representative of & and v,,(¢; X) the
modified lower order potential with density ¢ then lim,_, (Lv,); =
(—=T+ 2)* § in the sense that,

lim (2, (Lo,)7 >={-T+2) % & (3.1.10)

Proof. This is theorem (3.4.2) of [4].

THEOREM (3.1.11). VI =V and €¥=VIS* 0 W,.
Proof. The proof is in Theorem (2.2.2) and (3.4.1) of [4].
COROLLARY (3.1.12). If §,€V.F* then there is a unique §,€VF* such

that if ¢,€é, and v,,(,; X) is the modified lower order potential with
density ¢,, then

A%,(d,; X)=0, XeQ,

lim (Lo,); = . G113




3.2. Invertibility of (—I1+ £*)

To conclude this paper we need to relate the “abstract” adjoint operator !
(—T+ 2)* to the pointwise almost everywhere defined integral operator ™

—I+ %* obtained in (2.3.5). We use the invertibility of (—T+.%)* to
obtain the invertibility of (— I+ £*).

We begin by letting «: L(082)xLI0R2)— ¢, be given by
a(d)=F=0+%;. Next let T= —/+ £* and T=(—TI+ 2)* Finally let
(L7 x L7)o(02) = {$e LI(0Q) x LU(02): [0 8(Q) ¢(Q)+h(Q) ¥(Q)
ds(Q) =0 for all (g, /)€ V#£}. We then have the following important result.

LeMMa (3.2.1). aTé=Tad for all g€ (L7 x L7)(022).

Proof. Let de(LIx L), and let v,,,(nb;'.X ) be the modified lower order
potential with density ¢. Then for g€ %,

<& Tad>= (g TF>=lim (2, (Lo, ). (322)

On the other hand,

<&.aT8) = [2(@)a( Jim, Lon(0)" ) ()

XeI(Q)

=j=le [, 1@ 2(@) (1im Lon(; 0+ 1N,)7) dst)

t—0

- j=1

=im Y | 1(Q) 8(Q) Lond: 0+ 1N ds(Q)
=1in}) (g, (Lv,);>. (3.23)

By (3.2.2) and (3.2.3) Tap=aT¢ as elements in €.
We next consider the modified lower order potential with density in €.

LEMMA (3.2.4). I_f ¢ € %;L and v= Um(¢; X) then limx_, QedR.XeI(Q)
Lv,,(X)= —2¢(Q).

Proof. €;={ATy: ieR, Ty=x,Q)i+y(Q)j}. Thus we can
explicitly compute

D(ATg; X) = Lﬂ 2F (P~ X) Ax,(P) +2F, Ay ,(P) ds(P)

Py

Py

= —A|Py—X|% (3.2:5)

=R2FP-X) ]

(o

2%



Employing the definition of L=L,, ), we get
Lo, (ATy; X) = ~247T,,. (3.2.6)

In other words, for e %,, (—7+ £*) ¢ = —2¢. We now have our main
theorem.

THEOREM (3.2.7). The operator (-1+2*)! exists  for
de (L9 x L9)y(00).

Proof. Let T= —I+ £* and T=(—T+ 2)* as before. Assume ¢pe
(L% L7)o(R2) and T¢=0.Le a(¢p)=F=¢ + €, as in Lemma (3.2.1). Then
a(7T(¢))=a(0)=0. Then by Lemma (3.2.1) Ta(¢)=aT(¢)=0. That is,
T¢=0. But Tis 1 to 1 so that §=0. That is §=%, which implics that
$e¥€,. By Lemma (3.2.1) we have ¢ = —47¢ since ¢p&%,. But by our
original assumption that T¢ =0, we conclude ¢ =0. Thus T is one to one
on (L7x L?),(0Q2).

We next show that T maps (LI9xL9)y(0R2) to itself Let
¢ (L9x L)y(002). Then since T is 1 to 1 from V.#+ to itself, if e V.F we

have
(g Tody=(g (Lv,)">
- ={& T
=0 (3.28)

provided §eV.#+. But if ¢ e (LY x L7)o(0R2) then clearly § e V£ since for
any other representative ¢, =(¢,, ¥,) € ¢ we have ¢, =¢+ 1, T, and,

[ gdithi=] gl@+ax)+h+Ay,)
o o2

=| gp+mpds+iy| gx,+hy,ds
o0 Q2
=0 ‘ (3.29)

for all geV.s.
Finally by Theorem (2.3.5) the operator £ * is compact so that we can
apply Fredholm theory to conclude (—7+ £*)~! exists on (L7 x L?)y(£2).

THEOREM (3.2.10). For ¢e(L? x I;")O(EQ) there exists a function v such
that
A%v(x) =0, XeQ
m L w(X)=Q) ae.
Xe@Q

Xe(Q)



Proof. Letg=(—I+2L*)"" ¢ and set v="v,(do; X). Then by Theorem
(2.3.5),

m Lo 0m(®o; X) = (— I+ £*)(0)

=(—I+ZL*N-I+Z*)7'($)
=¢.

This concludes the paper as Theorem (3.2.10) is a restatement of
Theorem (1.2.1).
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